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AN L,(Lp)-THEORY FOR PARABOLIC PSEUDO-DIFFERENTIAL 
EQUATIONS: CALDERON-ZYGMUND APPROACH 

ILDOO KIM, KYEONG-HUN KIM, AND SUNGBIN LIM 


Abstract. In this paper we present a Calderon-Zygmund approach for a large 
class of parabolic equations with pseudo-differential operators A{t) of arbitrary 
order 7 E (0,oo). It is assumed that A{t) is merely measurable with respect 
to the time variable. The unique solvability of the equation 

— = Au — Xu -h /, (t, x) E 

dt 

and the Lg(R, Lp)-estimate 

ll'*^t||Lq{R,Tp) + ll(~^)^^^“llL,(R,ip) + '^II“IIl,(R,Lp) < -^ll/llipCR.ip) 
are obtained for any A > 0 and p, g 6 (1, oo). 


1. Introduction 

Calderon-Zygmund theorem has been a powerful tool in the theory of both el¬ 
liptic and parabolic differential equations. See, for instance, [1] |3l | 6 ] (elliptic equa¬ 
tions) and [U[3[9l[To] (2nd order parabolic equations). In particular, Krylov 13 HQ] 
introduced a Calderon-Zygmund approach to obtain Lg(R, Lp) and Lp(R, C^^") 
-estimates for the second-order parabolic equations with merely measurable coeffi¬ 
cients with respect to the time variable. 

In this article we use a Calderon-Zygmund approach to study the parabolic 
equation 

ciu 

-— = Au — Xu + f, (t, x) e R'^''"^. (1.1) 

at 

It is assumed that the pseudo-differential operator Ait) is merely measurable in t 
and its symbol satisfies 

»[-^(t,7] v^gr" (1.2) 

and 

\Dl^{t,0\ < ve G R" \ {0}, |a| < L^J + 1 (1.3) 

for some 7 , k > 0. No regularity condition of A{t) in the time variable is assumed 
and the differentiability condition of with respect to ^ is only up to order 

[|J -|-1. Conditions ( 11 . 21 ) and (11.31) are satisfied by a large class of pseudo-differential 
operators including 2 m-order differential operators and integro-differential opera¬ 
tors. See Section 2 for some examples. We only mention that if Ai{t) and A 2 {t) 
satisfy the conditions with 71 and 72 respectively then for any constants a,b > 0 
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the operator Aa,b = —{—Ai)°'{—A 2 )^ satisfies the conditions with 7 = 071 + 672 if 
for instance the symbols of Ai are real-valued. 

Our approach aims to prove the iq(R, 2vp)-estimate 

l|Mt||L,(R,Lp) + \\{-Ay^‘^u\\L^{R^Lj,) + A||m||i,,(r,Lp) < iV||/||i^(R^i^) (1.4) 

for any u G Cy(Ti^+y and / := Ut — Au + Xu. We remark that the classical 
multiplier theorem is not applicable to derive estimates like ()1.4|) because A{t) is 
only measurable in t. 

We first prove 

A||w||l,(R.Lp) < ^||/||l,(R.Lp) 

based on the representation formula of solutions and a few direct calculations. 
Next we introduce a kernel K{t,x,s,y) so that for any u G and / := 

Ut — Au -I- Xu we have 

{-Ay^‘^u{t,x)= [ K{t,x,s,y)f{s,y)dsdy=:gf{t,x). (1.5) 

jR<i+i 

Then, we prove 

ll^■^llL,(R,Lp) - -^ll/lli,(RTp)- ( 1 - 6 ) 

The major step to prove (HU is to construct (Qmi m G Z), a filtration of partitions 
of R'^+^ (see Definition 13.11) . and show that for any Q G Umez*Qm following 
Hormander condition (cf. [4j[5l[T0]) holds: 

sup / \K{t,x,s,y) — K{t,x,r,z)\dxdt < 00 , (1-7) 

{s,y),(r,z)&Q 

where Q* is an appropriate dilation of Q. The Hormander condition and the 
Calderon-Zygmumd theorem easily yield (HU)- 

It is well known that for the elliptic operators Hormander condition is fulfilled if 
the related kernel K{x, y) is a standard kernel i.e. K{x, y) defined on R^"^ \ {(a^, x) : 
X G R'^} satisfies 

\K{x,y)\ < ^ 

\x-yr 

and 

\K{x,y) -Kiz,y)\<N 
whenever \x — z\ max{|a: — j/|, \z — ?/|} and 
\K{x, y) - K{x, z)| < N 

whenever \y — z\ < ^ max{|a: — y\, \x — z\} (see 0 for details). 

In this article we study a parabolic version of this result and investigate a suf¬ 
ficient condition on kernel K{t,x,s,y) so that (11.711 holds for any Q G Umez’Q"*- 
The filtration of partition (Qm,rn G Z) is constructed only according to the or¬ 
der of the operator A{t). It turns out that if the order of A{t) is not rational then 
constructing appropriate filtration of partitions by itself is a quite challenging work. 
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To the best of our knowledge, only few studies have been made on Calderon- 
Zygmund approach for non second-order parabolic equations. If p = g, a result on 
integro-differential operators of the type 

:= + y)- f{x) - ■ V/(a;))) « G (0,2) 

was introduced in [12] under certain assumptions on m(t, y). The version of Calderon- 
Zygmund decomposition of introduced in [12] uses non-congruent rectangles 
to construct Q„ for each n and the non-congruency of such rectangles depends also 
on the given function u. We believe that the constants in the Lp-estimates of [H] 
are not controllable due to such non-congruency and the proof of m is incomplete. 
In this article we use congruent cubes to construct Q„ and our construction de¬ 
pends only on the order of the operator A{t). Our results certainly cover that of 
m (see Example 12.61) . 

Below are some related Lp-estimates on non-local parabolic equations based on 
different approaches. Recently in [5] the authors proved a priori estimate (11.41) for 
the case p = q and A = 0 using a BMO-T°“ type estimate. However this approach 
by itself is not enough to treat the case p ^ q. Moreover the unique solvability of 
equation (EB) is not obtained in [5] . In [TB] , (11.61) is proved for the symbol of order 
7 G (0, 2) which can be represented by the Levy-Khintchine’s formula 

fp{ 0 = / (l + *(C-2/)l|y|<i-exp{t^-2/})u(d?/), 


where u is a Levy measure controlled from the below and the above by the Levy 
measures of two a-stable processes. This result is based on a probabilistic method 
regarding Levy processes which is legitimate only if the symbol V'(C) is independent 
of t and its order is in (0, 2). In this article we do not use any probabilistic method 
and no restriction on the order and time regularity of A{t) is assumed. 

The article is organized as follows. Our main results are formulated in Section 2. 
In Section 3, we illustrate the division-merger procedure to construct the filtration 
of partitions we need. The proofs of main theorems and some auxiliary results are 
given in Sections 4, 5, and 6. 

We finish the introduction with some notation used in this article. As usual 
stands for the Euclidean space of points x = ■■■,x‘^), Br{x) := {y G R"^ : 

\x — y\ < r} and := Br(0). For multi-indices a = (oi,..., a^), Ui G {0,1,2,...}, 
X G R'^, and functions u{x) we set 


du 

dx'^ 


= DiU, 


D°‘u = 




= {x^r^ix^r^ ■ ■ ■ |a| = + ... + aa- 

We also use to denote a partial derivative of order m with respect to x. For an 
open set H C R'^ by we denote the set of infinitely differentiable functions 

with compact support in U. For a Banach space F and p > 1 by Lp(U,F) we 
denote the set of F-valued measurable functions u on H satisfying 


i/p 


l|M||Lp(n,F) = \Hx)fFdxj < oo. 

We write / G Lp^iodU, F) if (f G Lp{U,F) for any real-valued C, G €^‘{11). Also 
LpiVl) = Lp(H,R) and Lp = Lp(R‘^). We use to denote a definition, [aj is 
the biggest integer which is less than or equal to a. By F and F~^ we denote the 
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d-dimensional Fourier transform and the inverse Fourier transform, respectively. 
That is, T{f){^) := f{x)dx and T-^{f){x) := ( 2 ^/nd For 

a Borel set A C we use |A| to denote its Lebesgue measure and by 1^(3^) we 
denote the indicator of A. diam A := sup,j, \x — y\. For a complex number z, 
5ft[z] is the real part of z. Finally if we write N = fV(a, 6 ,...), this means that the 
constant N depends only on a, 6 ,.... 


2. Main results 

Let K{t,x,s,y) be a complex-valued measurable function on r 2'*+2 satisfying 
K{t, X, s, y) = K{t, X, s, y)lt>s- For / € denote 

Gf{t,x)= j K{t,x,s,y)f{s,y) dsdy. 

In this section we provide a sufficient condition on K so that Q admits a weak type 
(1,1) estimate, and using this result we obtain a Lq{IL,Lp) estimate for pseudo¬ 
differential operators A{t). 

Here is our assumption on the kernel K. 


Assumption 2.1. There exist a constant 7 > 0 and a nonnegative nondecreasing 
function ip on R+ such that 
(i) for all a > s and y,z € R"^, 


/ / \K{t,x,s,y) — K{t,x,s,z)\ dxdt < ip(^- 

Ja 

(ii) for all a > 6 > (s V r) and y G R'^ 

r Is-rl 

/ / \K{t,x,s,y) - K{t,x,r,y)\ dxdt <ip{- - 

Ja J-R'i ^ a-b ' 


(iii) for all 6 > s and p > 0 , 


n \K[t^x,s,y)\ dxdt < (p( 

c—vl^o 




^s J\x—y\'^p P 

The proof of following results are given in Section |4l 


-^1 Y 
-s)1/7F 

(2.1) 

-b>' 

(2.2) 

i ^ 

(2.3) 


Theorem 2.2. Let 1 < p < po Assumvtion \2.1\ hold. Assume that Qf is well 
defined for any f G C(j“(R^"'"^) and the inequality 

ll^/llLpo(R<i+i) < ^o||f//||Lp(,(R<i+i) (2.4) 

holds with some constant Nq independent of f. Then the operator Q is uniquely 
extendable to a bounded operator on Lp(R'^+^) and satisfies the weak type ( 1 . 1 ) 
estimate, (i.e.) for any f G C'(j”(R'^+^) and a > 0 

a\{{t,x) : Gf{t,x) > a}| < iV||/||Li(Rd+i), 

where N depends only on d, po,'Y,No, and the function ip. 


Theorem 2.3. In addition to assumptions of Theorem 12.21 suppose K{t, s,x,y) 
depends only on {t, s,x — y), and for all t > s and f G 


/Rrf 


K{t,x,s,y)f{y)dy < p(i - s)||/||l (r^)- 


(2.5) 
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Then it holds that 

\\Gf\\Lp{R,Lpg) < -^II/IIlpCR.Lpo)! V/ e C^{K,Lpg), 
where N depends only on d, p,pQ,^, Nq, and the function (p. 

For any p, q € (1, oo), by we denote the space of distributions 

u such that 

II'w| 1 l,(r,Lp) < cx), < oo, ^'^u\\l^{r,Lp) < oo. 

The norm of m G is defined by 

•= ll^lli,(R,Lp) + l|wt||L,(R,Lp) + 

One can easily check that Hb^ is a Banach space. 

Recall that the operator Ait) has the symbol tpitA)y that is for / G C'“(R'^+^) 

A{Af) = i:{tA)Hu){tA)- 

The following result is an application of Theorem l2.3l In the proof of Theorem 12.41 
we will take 

K{t, X, s, y) = ls<tA~^ I ICr exp f f if{r, ^)dr'\ | (x - y) 


so that (11.51) holds for A = 0. 

Theorem 2.4. Let p, q G (1, oo), A > 0. Suppose that there exist constants 7 , /t > 0 
so that 



c G R'^ 

( 2 . 6 ) 

and for all multi-index a, |Qf| < [|J + 1 , 




eeR‘'\{ 0 }. 

(2.7) 


Then for any f G Lg(R, Lp), there exists a unique solution u G Hbp to equation 
(HH). Furthermore, for this solution we have 


l|Mt||L,(R,Lp) + -I- A||M||L^(R.ip) < ||/||l,(R,Lp), 

where N = N{d,p, q, k, 7 ). 

Below we introduce some examples related to conditions (12.61) and (12.71) . 
Example 2.5. The symbol of the 2m-order operator 
Ai{t)u := (- 1 )’"-^ 

\a\ = \p\=m 

is '4’{t,f) = —Hence (12. 6 p and (12.7p are satished if a°‘^{t) are bounded 
complex-valued measurable functions satisfying 

[a°‘^{t)] , Ve G R'^. 

|a| = |/3|=m 

(ii) Similarly the 7 -order nonlocal operator 

Mit) ■■= -a(t)(-A)^/^, 7 G (0, 00 ) 

has symbol ' 0 (t, f) = —a(t)|.fp and therefore for the above conditions it is sufficient 
to have 

K < 3fi[a(t)], |a(t)| < k~^. 
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The operator in Example 12.61 below is considered in |12) . 

Example 2.6. Fix 7 £ (0, 2) and denote 

Au:= [ (u{t, x + y)- u{t, x) - x(y)(VM(t, x), y)) dy 

where xiu) = ^ 7 >i + ^|y|<i^ 7 =i- Then A satisfies (12.61) and (12.71) if m{t, j/) > 0 is a 
measurable function satisfying the following (see [ 8 ] for details): 

(1) If 7 = 1 then 

/ wm{t,w) Si{dw) =0, Vt > 0, 

JdBi 

where dBi is the unit sphere in R'^ and Si{dw) is the surface measure on it. 

(2) The function m = m{t, y) is zero-order homogeneous and + 1-times 
differentiable in y. 

(3) There is a constant K such that for each f £ R 

sup \D°mA){t,y)\ < K. 
l“l<do.|y|=i 

(4) There exists a constant c > 0 so that m{t, j/) > c on a set E C dBi of positive 
Si ((iu;)-measure. 

Next we discuss the issue regarding the compositions and powers of operators. 
Let Ai{t) and A 2 {t) be linear operators with symbols ipi{t) and ip 2 {t) satisfying 
the above prescribed conditions, that is there exist constants 7 i, 72 ,«:i,K 2 > 0 so 
that 

(* = 1 , 2 ), 

for any multi-index a, |a| < [|J -|- 1. Fix a,b > 0, and denote 7 := 071 -I- 672 . 
Consider 7 -order operator 

AaAt) = -{-Ai{t)r{-A2{t)f 

with the symbol ip = —{—ipi)°‘{—ip 2 )^- It is easy to check that there exists a 
constant iV > 0 so that for any multi-index a, |a| < [|J -I- 1, 

eeR'VW. 

Therefore, (12.71) is satisfied, and Theorem l2.4l is applicable to Aa.bi.t) if 

^[-iPitA)] = m-An-^2A>N-^\^r, ve£R". ( 2 . 8 ) 

Obviously (12.81) is satisfied if, for instance, the symbols ipi{tA) are real-valued. 


3. Filtration of Partitions 


In this section we introduce a version of Calderon-Zygmund theorem we need. We 
also construct a filtration of partitions suitable for our pseudo-differential operators. 
Denote N = {1, 2, • • ■ } and Z = {0, ±1, ±2, • • • }. 


Definition 3.1. Let n £ N and £ Z) be a sequence of partitions of R" 

each consisting of disjoint bounded Borel subsets Q £ Qm- We call (Qm, m £ Z) a 
filtration of partitions if 

(i) the partitions become finer as m increases: 


inf 


IQI —)• oo as m —>■ —oo. 


sup diam jQI —>• 0 as m —>■ oo; 
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(ii) the partitions are nested: for each m and Q € Qm there is a (unique) set 
Q' G Qm -1 such that Q C Q'; 

(iii) the following regularity property holds: for Q and Q' as in (ii) we have 
\Q'\ < -^olQI; where Nq is a constant independent of m, Q, Q'. 

Example 3.2. For the second-order parabolic equations, Qm on is typically 

defined by 

Qm = {[*o4“™, (*0 + 1)4“”") X Qm{ii, ..., fd), * 0 , * 1 , ■ ■ ■, € Z}, 

where 


Qm(Q,..., *d) := {h + 1)2“™) X • • • X [7d2-"", {u + 1)2“""). 

For Banach spaces F and G, L{F, G) is the space of bounded linear operators 
from F to G, and L{F) := L{F,F). Define := {y G R" '■\x — y\> r}. 

Definition 3.3. Let (Qm,7n G Z) be a filtration of partitions, and for each x,y G 
R”, X ^ y, let K{x,y) be a bounded operator from F into G. We say that K is a 
Calder on-Zygmund kernel relative to (Qm,7n G Z) if 

(i) there is a number po G (1, oo) such that, for any x and any r > 0, K{x, •) G 
Lp,^ioc{B-{x),L{F,G))- 

(ii) for every y G R" the function \K{x, y) — K{x, z) \ is measurable as a function 
of {x, z) on the set R^" fl {(a:, z) : x ^ z,x ^ y}; 

(iii) there is a constant Nq>1 and, for each Q G Umez*Q™’ there is a closed 
set Q* with the properties Q C Q*, |(5*| < lVo|Q|, and 

[ \K{x,y) - K{x,z)\dx < No (3.1) 

whenever y, z G Q. 

The following version of the Calderon-Zygmund theorem is taken from [9]. 

Theorem 3.4. Let p > 1 and A : Lp(R”,F) —Lp(R",G) be a bounded linear 
operator. Assume that if f G Gq°(R",F) then for almost any x outside the support 
of f we have 

Af{x)= [ K{x,y)f{y)dy 

dR" 

where K(x,y) is a Calderon-Zygmund kernel relative to a filtration of partitions. 
Then the operator A is uniquely extendable to a bounded operator from Lq(R”,F) 
to Lg(R”, G) for any q G (l,p], and A is of weak type (1,1) on smooth functions 
with compact support. 


The filtration of partitions in Example l3.2l is not appropriate for pseudo-differential 
operators since the kernels corresponding such operators do not satisfy ()3.1I1 in the 
setting of Example 13.21 Finding an appropriate filtration of partitions requires del¬ 
icate procedures unless the given order 7 is rational. The remaining of this section 
is devoted to construct a hltration of partitions for pseudo-differential operators of 
arbitrary order. 

We fix 7 > 0 and denote 

d 

= {Qo C R'^+^ : Qo = [foGo + 1) X + 1), foGi,... G Z}. 

i=i 
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To construct Qm^ we consider the cases m > 0 and m < 0 separately. 

First let m = 1, 2, • • •. We construct Qm^ inductively as follows. A similar 
division procedure when 7 £ (0,2) can be found in |llj . Suppose for a given 
Qm-i £ we can write 

X (3.2) 

where 

= [zo2-('"-i)^t^_i, (io + 1)2-(™-i)^t^_i) 

d 

QrT = (*, + i) 2 -(™-i)), 

i=i 

for integers lo, * 1 , ■ ■ •, and Tm-i £ [1, 2) (remember tq = 1). Put 

_ o-m-f 

^ ' m—1 — ^ Hrri’ 


Then 

Put 


Pm = 2^Tm-i £ 2^+^) C [2W, 2^+2). 

. _\Vl\ if p™£[ 2 W, 2 W+i) 
'"'HtJ+I if p™ £ [2W+\ 2W+2). 


We split Qm-T into 2‘^ congruent cubes and subdivide into 2^™ congruent 

intervals. Taking all possible products of subcubes and subintervals, we obtain the 
set of offsprings of Qm-i (i-e.) {Qm '■ Qm C Qm-i} of the form 

Qm = Qm{^, 1) = X gr“(0 (3.3) 


where 

= [*o 2 -™V^ + (* - 1 ) 2 -’"'^!^, + * 2 -™^!^) 

for some 1 < i < 2 ^"* and 

d 

g^ace(;) ^ - l)2-™,ij2-(™-^i + /j-2-™) 

i=i 

for some I = {h, ..., Id), Ij £ {1, 2}. Denoting 

we can rewrite (ESI) as 


Qm = [*o2-™^r™, (*o + 1 ) 2 -”^V, 


j.) ^ TTid' 

t=i 


^(D + l) 2 -’”), 


where 


Zq — 2 Zq ~(“ Z Ij %j — ^ 

are integers for each j = 1,..., d. Hence collecting all such Qm C Qm-i for every 
Qm-i S we finally obtain the partition Qm^- Moreover, since we choose km 

such that Tm £ [1,2), by going back to (13.21) . we can repeat the division procedure 
for and generates Q^+i- 
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Now we illustrate a merger procedure. We define the collections of cubes 
for m = —1, —2,... inductively. Suppose that Qm+i is a partition and every cubes 
Qm+i in Qm+i is of the form 

Qm+i = X «+r (3.4) 

where 

(io + 

+ l)2-(-+i)), 

i=i 

Tm+i S [1,2) and io,n,...,*d are integers. Obviously, satisfies (13.41) with 
tq = 1. We put 

Then 

Pm = 2-'^Tm+i G [2-^2-^+1) C [2-W-i,2-W+i). 

Put 

, _/L7J if P„^G[2-W,2-W+1) 

'""UtJ+I if P™G[2 -W-i,2-W). 

By combining cubes Qm+i of Q^+n compose the partition with Qm of the 
form 

where 

= [* 2 -™>™, (* + 1)2-^^Pm), 

for i G 2^™Z and 

d 

{Ij + l)2-(”^+l)) 

i=i 

for Ij G 2Z, j = 1,..., d. Denote Tm = 2^^pm- Then we can rewrite Qmih 0 ^s 

d 

Qm = h2-^^Tm, (*o + l)2-”^'^r„) X (d + 1)2-’"), 

i=i 

where 



are integers for each j = 1,... ,d. Furthermore, due to the choice of km and pm, 
we have 

Tm = 2^^ Pm G [1,2). 

Hence <Qm^ satisfies (|3.4I) with m in place of m + 1. By repeating this merger 
procedure, we construct for all m = —1, —2,_ 

Remark 3.5. Due to the above procedure, one can write Q G for m G Z as 
follows 

d 

Q = Q{io, ...,id) = [io2-^^Tm, (^o + 1)2 -’"'^t^) x l[[ij2-^, {ij + 1)2-^) (3.5) 

j=i 
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where (io,---*d) S and r™ S [1,2). In fact, is a dyadic number. 

Indeed, rg = 1 and recall that for to = 1,2,.... 

Therefore, 

n-m'r _ 9-fem9-(m-l)7T- , _ 9-fcm 9-fem-l 9 -(iti-2)7 

'm — ‘m—1 — ^ ^ ^ 'm—2 


_ — — -h^l) 

Similarly, for to = —1, —2,..., we have = 2^™2“(™+^)'''Tm+i so that 

9 -m 7 _ 9 fcm+fem+iH-hfc-i 

^ ' m — ^ 

Therefore, (Qm^ ,m gZ) is constituted of a class of dyadic cubes. If 7 = 2, then 
obviously the above procedure generates the filtration of partitions in ExamDle l3.2l 

Theorem 3.6. (Qm\'m € Z) is a filtration of partitions. 

Proof. Due to the above division-merger procedures, (i) and (ii) of Definition 13.11 
are obvious. Hence it suffices to show the regularity condition (iii). For m G Z, 
take Q and Q' such that Q C Q', Q' G and Q G Q^+i- From (13.51) . we can 
write 


and 


Q'{t',x') = [t',t' + 2-^^Tm) X T2- 


Q{t,x) ■■ 

Then by Remark 13.51 
\Q'{t',x')\ 
\Qit,x)\ 


[t,t + 2-(™+i)V,„+i) X l[[x„x,+2-^-^). 
j=i 


9—7717—md — 

^ ' m 


2 - (m-l-1) 7 - (m-l-1) ^ 




The theorem is proved. 


□ 


4. Proof of Theorem 12.21 and 12.31 
We first check the Hormander condition under Assumption 12.11 

Lemma 4.1. Under Assumvtion \2. li the kernel K{t,x, s,y) satisfies Hormander 
condition dSU with respect to (Qm\ni G Z), the filtration of partitions in Theorem 

Proof. Let 

d 

Q= [to,to + 2-™V„) X [^[0,2-"^), togZ 
1=1 

and 

d 

Q* = [to,to + 4-2-™7 X [][-2.2-™,2.2-™), to G Z, 

t=i 


where 1 < < 2 . 
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It suffices to show 


sup 

{s,y),{r,z)eQ ^R'^+i\Q 


/ \K{t,x, s,y) — K(t,x,r, z)\ dxdt < oo. (4-1) 

JR-i+iXO* 


Put 

and 


Pi = {t > + 4 • 2-™T'} X R'^, 


r 2 = {to < t < to + 4 ■ 2-'"^} n (R'^+i \ Q*). 

Recall that K{t, x, s, y) vanishes if t < s. Then obviously for any (s, y), (r, z) G Q, 

/ |Rr(t, X, s, y) — if (t, x, r, 2)1 dxdt 

dR'*+i\Q* 

< / |if (t, X, s, y) — if (t, X, r, z)| dxdt + / |if (t, x, s, y) — if (t, x, r, 2)| dxdt 

dFi dFa 

< / |A"(t, X, s, y) — if (t, X, s, z)| dxdt + / |A"(t, x, s, z) — if (t, x, r, z)| dxdt 

dFi dFi 

- 1-2 sup / |if (t, X, s, y)| dxdt =: Ii-I-12 + 213. 

(s,y)eQ ir2 

First we estimate Ii. Observe that 

to -b4-2-™T' - s > 2-™T', 
and |z — y| < 2 • 2“"*. So by (12.1|) . 


Xi < 


/ / |if (t, X, s, y) — if (t, X, s, z)| dxdt 

dtn+4-2-™T .iR<i 


< (^((to + 4 • 2—'^ - - y|) < <^(2). 

For X 2 we use (12.2p . Since s, r G [to, to -I- 2 ■ 2 we have 


X 9 < 


/ / K{t,x,s,z) — K{t,x,r,z)\ dxdt 

dtn-l-4-2-™T' JR'^ 


ito-|-4-2-™T' dR'^ 

<<^(( 2 . 2 —^)-i|s-r|) 

Finally we estimate X 3 . Note that for (t,x) G F 2 and (s,y) G Q 

|*-dl > 2 -”^. 

Hence from ([21 


^to-l-4-2-”"' ^ 

^tn t/ la 


X 3 < 2 sup 

is,y)eQJto 


\x-v\>2~ 


ptQ+4-2-^~' 


< 2 sup / 

{s,y)eQJs 


K{t, X, s, y) dxdt 


K{t, X, s, y) dxdt 


J\x-y\>2- 

< 2ip{{A ■ 2-™7)1/7(2-'")-i) < 2(^(4^/'^), 

where the second inequality is because if vanishes if t < s. Therefore dUD is 
proved. □ 
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We define the operator IC{t,s) as follows : 

IC{t,s)fix) = [ K{t,x,s,y)f{y)dy, f G . 

Suppose that (12.51) holds, that is for any t > s and / € 

f K{t,x,s,y)f{y)dy < - s)||/||l^^. (4.2) 

^PO 

Since IC{t,s) is linear and (14.21) holds, the operator IC{t,x) is uniquely extendible 
to Lpg. Hence we can consider /C(t, s) as a bounded operator on Lpg. Denote 

:= {[4-”^^, 4-™(i + 1)) : i e Z}, m G Z. 

Lemma 4.2. Suppose that Assumvtion \2.1\ (ii) and (1^ hold, and K(t, s,x,y) = 
K{t, s,x — y). Then IC{t, s) satisfies the Hormander condition (13.1|) with n = 1 and 
(Q(;'"^mGZ) 

Proof. Let 

Q = [to j to d- Q* = [to — 2i5, to + 2(5). 

Note that for t ^ Q* and s,r € Q, we have 

|s - ’’I < [t - {to + S)\> 6, 
and recall K{t,s,x — y) = 0 ii t < s. Note 

|l/C(t,s)-/C(t,r)||i(i )= sup 


\\J MLpQ 

< sup 


[ {K{t,s,x-y)-K{t,r,x-y))f{y)dy 
[fhpo [ [K{t,s,x) - K{t,r,x)\dx 

= f \K{t,s,x) — K(t,r,x)\dx. (4-3) 

Jr<‘ 

Therefore, by Assumption [2T] (ii) and (14.311 . 

f ||A(t,s)-/C(t,r)||L(L )dt < / [ \K{t,s,x) - K{t,r,x)\dxdt 

JR\Q* JR\Q* Jr<^ 


< 


lt>to+2S JR<* 


\K{t, s, x) — Kit, r, x)\dxdt 


< iV(^(^^-^) < 1V(/5(1) < N. 
0 


The lemma is proved. 


□ 


Proof of Theorem 12.21 and 12.31 Due to Lemma IQ and Lemma these are 
easy consequences of Theorem [ST] We only mention that in the proof of Theorem 
12.31 following the proof of Theorem 1.1 of [9], one can easily check that for almost 
any x outside of the closed support of / G (^“(R, Lp^), 

/ CO 

IC{t,s)f{s,x) ds, 

-CO 

where G denote the unique extension on Lpp(R'^“''^) stated in Theorem O The 
theorems are proved. □ 
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5. Auxiliary results 

In this section we study a kernel px and an operator TZx which are related to 

A{t) - X. 

Lemma 5.1. Let (7>0, S>a—^ and h G (R'^ \ {0})- Suppose that there 

exists constant c > 0 such that 

|i:»™(-A)LfJ/i(x)| <c|x|^-2LfJ-™exp{-c|xr}, Vx G \ {0} (5.1) 

for m = 0,1. Also assume i5.1\) holds for m = 2 if 1 < cr — 2[^J < 2. Then 

where N = N{c, d, 7 , <5, a) . 

Proof. The case a G [0, 2) is proved in [SI Lemma 5.1]. For cr > 2, denote 
a := fj - 2[|j, V := (-A)LfJ/i g C^+W-^LfJ. 

Then 

Thus it is enough to apply the result for a G [0, 2). The lemma is proved. □ 


Recall that is the symbol of A{t) satisfying 


(5.2) 


Note that due to (15.21) . 

px{t,s,x) := 


exp 


(V'(A'C) - A)dr 


is well defined for any A > 0. Similarly one can check that 

x) ■■= (^J ls<t exp ( {ip{r, ^) - X)dr)P'f{s, ^ ds'^ (x) 

is well defined for any A > 0 and / G L 2 (R‘^''’^). Obviously 

TZxf{t,x)=f [ px{t,s,x-y)f{s,y)dyds, V/ G C'“(R"*+^). 

J-oc JRd 

In the following lemma we show that the operator TZx is continuously extensible 
to Lq(R, Lp) for any p,q > 1. 

Lemma 5.2. Let X > 0 and p, q > 1. Then 

lbA(i,s, OIUi < 

WTlxfit, Oik, < iVA-(P-i)/^’||/|k,(R.+i), V/ G Co“(R''+k, 

and 

l|7^A/lk,(RTO < y ll/lk,(R,L,), V/ G Co-(R‘'+k, 
where N = N(d,p, q, k, 7 ). 


(5.3) 
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Proof, (i) Using xe ^ < 1 for x > 0, one can check that for any multi-index 

H< LiJ + 1 


exp 






Denote 


q{t, s, x) := ^ jexp (■ 0 (r, (t - s) " f))dr'^ | 

= {t — s)~s, {t — s)~x). 


By using Holder inequality and Parseval’s identity, for e < ( 7/4 A 1/4), 

\\p,{t, s, Oik, = 11(1 + k|"i")-kl + \x\^)px{t, s, Oik. 

< iVls<te“^(‘“®) ^ 1(1 -k \x\^)q{t,s,x)\‘^dx'^ 

<7VW-^(‘-^)||(l + (-A)^)J-(g)(t,s, 0 lk. 

< (||J-(<?)|k. + ||(-A)^J-(g)(t,s,0lk.) ■ 

Then by using Lemma [5?T] with cr = {d + e)/2 and h{-) = T{q){t, s, 0, we have 

lbA(i,s,Olki < 


To apply Lemma [5Tl h should be m-I-2 -times differentiable, and this is possible 
since m + 2 [§J < [fj + 1 for w = 0,1 and m = 2 ifl<cr — 2 [^J < 2 . 

(ii) By Minkowski’s inequality, Young’s inequality, and (i), 

/ CO 

ls<t|bA(s,i,Olklll/(sG)lkpC^'S 

-00 

/ oo 

ls<te-"(‘-^)||/(s,Olk.ds (5.4) 

-00 

< iVA-(^'-i)/^||/|kAR^+b- 

(hi) By dlH), 


ll'^/lk,(R.Lp) < 


nOO 

/ sr)\\L^ds 

do 


< 


L,(R) 


||L,(R.Lp)- 


The lemma is proved. 


□ 


Remark 5.3. Due to the above lemma, we can consider the continuous extension 
of TZx on Lq(R, Lp) for any p,q > 1. From now on, we regard the operator TZ\ 
as this extension on Lg(R, Lp). Actually TZ\ was already defined on L 2 (R-‘^''’^), 
but two different definitions coincide on L 2 (R‘^~'"^)nLg(R, Lp) due to Riesz-Fischer 
theorem. 
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6. Proof of Theorem 12.41 
Define K{t, s, x, y) = K(t, s,x — y) by 


K{t,s,x) = ls<tJ^ ip{r,^)dr^^. ( 6 . 1 ) 


Also define 


gf{t,x)=J’ exp 'ip{r,Odr^ J'f{s,^)ds^ . 

It is easy to check that Gf is well defined if / € C'“(R‘^+^), and furthermore 

Gfit,x)=f f K{t,s,x-y)f{s,y)dyds. 

J-oo JR'i 


Theorem 6.1. Let p,q € (l,oo). Under the assumptions in Theorem \2.4\ the 
kernel K satisfies Assumvtion \2. 1\ and i2.5\) . and it holds that 

l|f?/llL,(R.L,) < iV||/llL,(R,L,), V / G 
where N = N{d,p, q, 7 , k). 


( 6 . 2 ) 


Proof. Part 1. We show that the kernel K defined in (j6.1|) satisfies Assumption 
2l\ (iTdl) . and dll]). Observe that 

{t — s)^~^~K{t, s, {t — s)~x) 

= Nls<t{t - s)^~^y J exp |y ^(r,^)dr|d5 

= A^ls<t(t - s)^"^" J exp |y ^(r,^)dr|d^ 

= Nls<t J e*^“’^^|^|'^exp|y ijj{r,{t-s)~^£,)dr^ d£,. 


Denote 

F{t,s,f) = ls<tkrexp|y V'(a (i - s)"^f)dr| . 

Due to the assumptions on tjj(t,f^), 

ii?r^(<,s,e)i <A'ier-'“'exp{-«i^r}, veGR''\{o} 

for every multi-index a with |a| < [|J + 1. Therefore, by Lemma l5.11 

||(_A5)-/2F(t,s,OllL.(RO 

for all cr G [0,1 + 7 ) n [0, [|J + 1]. 

We claim that for any p G [ 0 ,min{ 7 , [|J -|- 1 — |}), 

/ \x\^\K{t^ s^x)\dx < N{d,"/, K, p){t — s)~~^■ 

dR-i 

Indeed, fix /r G [0, min{ 7 , [|J + 1 — |}) and choose ct > 0 such that 

d . f d . d, 

M + - < cr < nun{7 + -, + !}• 


(6.3) 
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Then by Holder inequality, Parseval’s identity, and Lemma [5.11 
f \x\^\K{t,s,x)\dx 

JRd 

d-f- ^ P 1 

= {t — s)^i~ / \x\^\K{t,s,{t — s)~x)\dx 

< N{t — s)^ \{1 + \x\'^)\K{t, s, {t — s)^x)\'^dx 

/ r 2 \ 

<N{t-s)^-^ {l + {-A^r/^)F{t,s,0 d^j <N{t-sy- 


1/2 


Hence (iOl) holds for any 0 < /i < minjy, L|J + 1 “ |}- also can see that 


S J |2;|^P 


- 2 - 

\x\‘ 


\K{t,s,x)\dxdt < / / - \K{t,s,x)\dxdt 


pb 

<N p~^{t — s)^~^dt = Np~^{b — s)^. 

J S 


Therefore, K satisfies (iOl) with p{t) = Nt^ for some constant N = N{d, 7 , k). 
Next we prove m and (12.21) . Note that 

T I d+1 dFC 1 

(t-s) + T —{t,s,{t-s)-ix) 


= 7Vls<t(t - T J '’^"'^^z,f|^Pexp|y 'ip{r,^)drj d( 

= Nls<t J (t - s)“^f)dr| 

For I < tr < min {7 + 1 + |, [|J + 1}, by Holder inequality, Parseval’s identity, and 
Lemma EH 

/ \K{t,s,x + y) — K{t,s,x)\dx 
Jr'^ 

= \y\ [ \VK{t,s,x + 0y)\dx (6»g[0,1]) 

dR‘^ 

= |j/|(t —s)“ / |ViF(t, s, (t — s)“a;)|da; 

Jr'^ 

< \y\{t - s)^ (^J ^ 1(1 + |x|'^)ViF(t,s, {t - s)^x)ydx^ 

/ P 2 \ 


<iV|y|(t-s) ^ 


/r** 


|iF(t, s,x + y) — K{t, s, x)\dxdt < N\y\{a — s) t , 


Hence 
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and therefore (EH) holds. Finally, denote 

F{t,s,i) = ls<t'0(s,(t-s)“^O|Cp'^exp|^ s)~^C)dr 

and observe that for s < maxjr, s} <h < a <t and | < cr < min {27 + f , L|J + 
(write T = 0s -I- (1 — 0)r) 


/ \K{t^rTx) — K{t, s,x)\dx 

= |s - r| [ \dsK{t,T,x)\da 


= |s — r|(t — t)^ / \dsK{t,T,{t — T)~ix)\dx 


< N 


[■s -^1 

{t-rr 

's — r 


[ \F ^ {F(t,r, •)} {x)\dx 
JR’i 


{t-rf 






d^ 


1/2 




Therefore, 


/r^ 


{t-bY 

\K(t, r, x) — K{t, s, x)\dxdt 


< N 


r°° is-ri r°° 1 


7V|s-r| 

dt = - 

a — r 


{t-bf 

This certainly leads to (12.2L and thus Assumption 12.11 holds. 

Part 2. We prove (16.21) when p = q. First we show K satisfies (12.41) with pq = 2. 
Due to Parseval’s ideneity, for any / G it holds that 

ll^/llL2(R‘^+b 


= N 


< N 


/R'' 


1-00 JR'‘ 


' —oo 


ICrexpj^ Yir,^)dr^ J'{f){s,C)ds 


ICr exp {-«:|Cr(i - s)} |.F(/)(s, 0\ds 


' —OO 
pOO 


d^dt 


d^dt 


/ OO p pOO pOO 

/ / / ^s<Mrexp{-KYY{t-s)}\I'{f)\{s,Ods 

-ogJU.^ J—oo L*^—oo 

/ oo p / poo \ / poo 

/ / e*‘nerexp{-«iert}dt / 

-oo*/R‘^ \*^0 / \J— oo 


dt 


d^dr 


d^dr 


< N 

< N 


Ir<‘ 


Ir<‘ 


leP 


IT — 




d^dr 


\nf)fd^dt = N\\f\\l 2(Rd-t-l). 


Actually Gf was defined only for / G C'“(R'^+^). However, the calculations above 
show it is also defined on L 2 (R'^“'"^). Therefore K satisfies (12.41) with po = 2. Hence 
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by Theorem 12.21 (j6.2ll holds for p = g, 1 < p < 2, and for all / S For 

p G (2, c»), we apply the standard duality argument. Denote p' = pl(p — 1) and 

P{s,t,x) = K{-t,-s,x) = jlCTexp tj}{-r,^)dr^ |, 

and define operator V : Lp/(R‘^+^) ^ Lp/(R‘^+^) by 


P9{s,y)= / P{s,t,y - x)g{t,x)dxdt. 


Note that also satisfies (12.61) and (12.71) . Then for g G C'“(R‘^+^), by change 

of variable (t, s, x, y) (—t, —s, —x, —y) and Fubini’s theorem we have 


/ g{t,x)Of{t,x)dxdt 

JRrf+l 


/Rd + l 


g{t,x) 


iRd + l 


K{t, s,x — y)f{s, y)dyds I dxdt 


R‘i+1 


fis,y) 


fRd + l 


K (t, s, X — y)g{t, x)dxdtj dyds 


(6.4) 


/ f(.-s,-y){ / P{s,t,y - x)g{-t,-x)dxdt] dyds 

jR'i+i VJR'i+i / 

f{-s,-y)Pg{s,y)dyds, 


/r<i+i 


where g{t,x) = g{—t, —x). By applying Holder inequality, 

[ g{t,x)gf{t,x)dxdt < iV||/||i^(R,d+i)||'Pp||i (Rd+i). 

JR‘i+1 

Since p' G (1,2], we have ||(Pp||Lp,(R<i+i) < llAp,(R<i+i)■ This implies the desired 
result since g G C'“(R'^+^) is arbitrary. Thus (|6.2I1 holds for all p G (1, oo). 

Part 3. Finally we check that K satisfies (12.51) and prove (16.21) for general 
p, g > 1. Recall the operator /C(t, s), that is 


l^{t,s)f{x) = f K{t,s,x-y)f{y)dy 
jR'i 

for / G (7“ and t, s G R. Fix p G (1, oo). By (16.3() . we have 

||/C(t,s)/|U, <iV||/|U, [ \Kit,s,y)\dy<N\\fh^it-s)-\ 

Hence (12.51) is satisfied with (p{t) = and po = p. Therefore from Theorem 12.31 
we conclude that for any 1 < g < p, (16.21) holds for all / G C'(j“(R, Lp). 

Now let 1 < p < g < oo. Define p' = p/(p — 1), g' = g/(g — 1). Since 1 < g' < p', 
by (16.41) we conclude that 


/R-i+i 


g{t, x)gf{t, x)dxdt 


Ir (/i<i ~y)'^9{s, y)dy^ ds 


< [ \\f{-s,-)\\Lj\Pg{s)h^,ds 

< ^II/IIl,(r.Lp)II5||l,/(r,LpO 
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for any /,g € C'^(R'^+i). Since g is arbitrary and 

II^/IIl,(r,Lp) = sup [ g{t,x)gf{t,x)dxdt , 

llslll, ,{R,,i ,)<1 dR‘i+1 

q/ V piy 

we have 

I|0/I|l,(R,Lp) < N\\f\\L^{Il,Lp)- 
Therefore for any p,q € (1, oo), we obtain 

WGfKin.L,) < A^II/IIl,(r,l,), V/ e Co“(R‘'+i), (6.5) 

where N is independent of /. Since C'(j“(R'^''"^) is dense in Lg(R, Lp), Q is contin¬ 
uously extendible to Lg(R, Lp). □ 


Next, we prove a priori estimate. 

Lemma 6.2 (a priori estimate). Let A > 0 and p,q G (1, oo). Suppose that eondi- 
tions (12.61) and (12.71) are fulfilled. Then for any u S C(j“(R‘^“''^), we have 

||(-A)'^/^M||i^(R,_ip) + A||u||i^(R,Lp) < N\\ut - Au + Xu\\l^{r,Lp), (6.6) 

where N depends only on d,p,^, and k. 

Proof. Put / := -^u — Au + Am. Then obviously / S L 2 (R‘^'''^). 

Case 1 A = 0. By taking the Fourier transform, we can easily check that 

(_A)T'/2y = g/ (a.e). 

Hence from (16.5L we have 

\\{-A)'^/‘^u\\l^{R,Lp) < - Au\\Lp{R,Lp)- (6.7) 

Case 2 A > 0. Similarly one can also check u = TZf (a.e). Hence (16.61) is a 
consequence of (j5.3l) and (j6.7l) because 

\\ut - AlM||i^(R,L^) < ||/||l^(R,Lp) + A||m||l^(r,Lp). 

The lemma is proved. □ 


Proof of Theorem 12.41 

Note that C^(R‘^+^) is dense in llj’)) and A{t) is a continuous operator on 
due to Mihlin multiplier theorem. Indeed, for |q;| < [|J + 1, 


D 


Oi 



Hence from Lemma 16.21 


< N 


|^|2|a|7-|Q;| 

|^| 27 |a| 


< a(k)|^|-I“I. 


l|Mt||L,(R.Lp) + ll(-A)^/^M||i^(R,Lp) + A||M||i,^(R^i,p) 
< A(d,p,g,7,K)||Mt - .4 m + AM||i^(R,ip) 


for any u G Hb)), and the uniqueness of solutions to dm is proved. 

It only remains to prove the existence of solutions. For / G Hj’p, we consider 
a sequence /„ G C'(j“(R‘^+^) so that ||/„ — /||jji .7 ^ 0 as n — >■ oo. For each n, we 
can easily check that TZfn is a solution to dm- Since Hb)) is a Banach space, we 
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can find a solution u as the limit of TZfn in using the a priori estimate. The 
theorem is proved. □ 
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